Stabilization of the incompressible 2D Euler equations in a simply connected domain utilizing the Lorentz force  by Phung, Kim Dang
Available online at www.sciencedirect.comR
J. Math. Anal. Appl. 293 (2004) 389–404
www.elsevier.com/locate/jmaa
Stabilization of the incompressible 2D Euler
equations in a simply connected domain utilizing
the Lorentz force
Kim Dang Phung
17 rue Leonard Mafrand, 92320 Chatillon, France
Received 29 October 2002
Submitted by M.C. Nucci
Abstract
In this paper, the null asymptotic stabilization of the 2D Euler equations of incompressible fluids
in a simply connected bounded domain is investigated by utilizing the Lorentz force given by the
Maxwell equations with Ohm’s law.
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1. Introduction
We consider an electrically conducting, ideal incompressible fluid in a bounded domain
Ω with a smooth boundary ∂Ω , governed by the following equations:

∂tu+ (u · ∇)u = −∇p + σ(E + u∧B)∧ B in Ω × (0, T ),
ε∂tE − curlB + σE = 0 in Ω × (0, T ),
∂tB + curlE = 0 in Ω × (0, T ),
divE = 0, divB = 0, divu = 0 in Ω × (0, T ),
E ∧ n = 0, B · n = 0, u · n = 0 on ∂Ω × (0, T ),
u(· ,0) = u0, E(· ,0) = E0, B(· ,0) = B0 in Ω,
(1)
where u is the fluid velocity, p is the scalar pressure. The electromagnetic field (E,B) is
solution of Maxwell’s system with Ohm’s law where ε is the permittivity and σ the electric
conductivity. We suppose that ε and σ are both two positive constants.
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seawater [5] but here, one neglected the induced currents σ(u∧B) compared to the applied
one Js = σE, in the Maxwell equations. The term J ∧ B = σ(E + u ∧ B) ∧ B is the
Lorentz force (see [1] for a numerical study of a turbulent boundary layer control utilizing
the Lorentz force).
Our goal is to control the fluid from the electromagnetic field utilizing the Lorentz force.
It is well known that if (E0,B0) = (0,0), then (E,B) = (0,0) and u solves the Euler
equations. When the space dimension is 2 and (E0,B0) = (0,0), the solution u exists
for all time t  0, is unique and regular provided the initial velocity u0 is sufficiently
regular [4]. Here, we are interested in the null asymptotic stabilization of the 2D Euler
equations of incompressible fluids utilizing the Lorentz force. Let Ω be an open regular
bounded domain included in R2. We suppose a plan symmetry such that the fluid velocity
u can be written as follows:
u(x1, x2, x3, t) =
(
u1(x1, x2, t)
u2(x1, x2, t)
0
)
, where (x1, x2) ∈ Ω ⊂ R2.
The relation u|B|2 = −(u∧B)∧B + (u ·B)B indicates that it may be useful to impose
an electromagnetic field with a transverse magnetic TM polarization by supposing that
the magnetic field B can be written in the form B(x1, x2, x3, t) = (0,0,B). Choosing the
initial data (E0,B0) such that it does not depend on the x3 variable and such that the electric
field E0 is orthogonal to B0, it can be easily shown that the electromagnetic field takes the
following form:
(E,B)(x1, x2, x3, t) =
((
E1(x1, x2, t)
E2(x1, x2, t)
0
)
,
( 0
0
B(x1, x2, t)
))
,
where (x1, x2) ∈ Ω ⊂ R2.
From the above hypothesis and remarks, the system (1) becomes, with σ = 1,

∂tu+ (u · ∇)u+ |B|2u = −∇p +E ∧B in Ω × (0,+∞),
ε∂tE − CurlB +E = 0 in Ω × (0,+∞),
∂tB + curlE = 0 in Ω × (0,+∞),
divE = 0, divu = 0 in Ω × (0,+∞),
E ∧ n = 0, u · n = 0 on ∂Ω × (0,+∞),
u(· ,0) = u0, E(· ,0) = E0, B(· ,0) = B0 in Ω.
(2)
To develop interesting results on system (2), we need to analyze the stabilization of
Maxwell equations with Ohm’s law. In particular, we recall that the solution (E,B) ex-
ponentially decays in L2 norm, to the solution (0, B¯) when t goes to infinity, where
B¯ = (1/mesΩ) ∫
Ω
B0 dx . We show that if the condition B¯ = 0 holds, then the fluid ve-
locity u and the vorticity ω = curlu of system (2) exponentially decay to zero. In fact, our
stabilization result on the system (2) comes from the asymptotic behavior of u˜ solution of
the following system:
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
∂t u˜+ (u˜ · ∇)u˜+ |B¯|2u˜ = −∇p˜ in Ω × (0,+∞),
div u˜ = 0 in Ω × (0,+∞),
u˜ · n = 0 on ∂Ω × (0,+∞),
u˜(· ,0) = u˜0 in Ω.
(3)
A different way to get the asymptotic stabilization of the origin for the 2D Euler equa-
tions of incompressible inviscid fluid is described in [2].
2. Main results
We begin by noticing the continuous imbedding H 2(Ω) ⊂ L∞(Ω) and by men-
tioning that W 1∞ which is the Sobolev space of essentially bounded distributions with
first derivative essentially bounded too, equipped with the norm ‖u, ∂xu‖L∞(Ω) =
max|j |1 ‖∂jx u‖L∞(Ω), is equal to Lip the space of Lipschitz functions. Let us introduce
Fu =
{
u0 ∈
(
Lip(Ω¯)
)2
/divu0 = 0, u0 · n|∂Ω = 0
}
,
Fe =
{
E0 ∈
(
H 4(Ω)
)2
/divE0 = 0, E0 ∧ n|∂Ω = ∆E0 ∧ n|∂Ω = 0
}
,
Fb =
{
B0 ∈ H 4(Ω)/∂nB0|∂Ω = ∂n∆B0|∂Ω = 0
}
.
First, we show that system (2) is a well-posed problem.
Theorem 1. Let Ω be an open smooth, simply connected and bounded domain in R2.
Let us consider ω0 = curlu0, where u0 ∈ Fu. For all (ω0,E0,B0) ∈ Lip(Ω¯) × Fe × Fb ,
there exists u ∈ L∞loc(R¯+;Fu) a unique solution of system (2). The pressure p is then
unique up to an arbitrary function of t . Moreover, the fluid vorticity ω = curlu belongs
to L∞loc(R¯+;Lip(Ω¯)).
The following stabilization result for system (2) holds.
Theorem 2. Let Ω be an open smooth domain, bounded in R2. Suppose that Ω is a simply
connected domain and let us consider ω0 = curlu0, where u0 ∈ Fu. For all (E0,B0) ∈
Fe × Fb, such that
∫
Ω
B0 dx = 0, there exists a constant ζ > 0 such that for all ω0 ∈
Lip(Ω¯), there is a constant C > 0 such that the unique solution u ∈ L∞loc(R¯+;Fu) of system
(2) satisfies
‖∂xu, ∂x curlu‖L∞(Ω)  Ce−ζ t , ∀t > 0. (4)
Let us make some comments.
Remark 1. The constant C in the estimate (4) depends on the geometry Ω , on the permit-
tivity constant ε and on the initial data (ω0, ∂xω0,E0,B0) in a suitable norm.
Remark 2. Let λ2 > 0 be the second eigenvalue of the Neumann boundary condition (i.e.,
the smallest strictly positive eigenvalue of the Neumann boundary condition). Let us intro-
duce B¯ = (1/mesΩ) ∫Ω B0 dx , δ = |B¯|. If 0 < δ2 < 2λ2 and 0 < ε  1/(2λ2), then one
can take ζ = δ2 in the estimate (4).
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and the vorticity. Indeed, it is enough to see that |B|2 = |B − B¯ + B¯|2 = |B¯|2 +|B − B¯|2 +
2(B − B¯) · B¯ . Here, we are able to give a L∞ decay, which is a more physically relevant
space.
Remark 4. We recall that the asymptotic behavior of u˜ solution of system (3) is given by
‖∇ curl u˜‖L∞(Ω)  c‖∇ curl u˜0‖L∞(Ω)e−δ2t , ∀t > 0. (5)
The paper is organized as follows. In Section 3, we analyze the system of Maxwell
with Ohm’s law. We prove Theorem 1 (existence and uniqueness) in Section 4. Finally,
Section 5 is devoted to prove Theorem 2 (stabilization in L∞ norm).
3. Maxwell system with Ohm’s law in 2D case and TM polarization
It is well known that Maxwell equations with Ohm’s law is a well-posed problem, by
application of the Hille–Yosida theorem. In the case of a TM polarization, we have the
following two results.
Proposition 1. Suppose that Ω is an open smooth, bounded domain in R2, then, for all
s ∈ {1, . . . ,4}, for all ε > 0, there exist two constants C > 0 and γ > 0 such that for all
initial electromagnetic field (E0,B0) ∈Fe ×Fb of the following system:

ε∂tE − CurlB +E = 0 in Ω × (0,+∞),
∂tB + curlE = 0 in Ω × (0,+∞),
divE = 0 in Ω × (0,+∞),
E ∧ n = 0 on ∂Ω × (0,+∞),
E(· ,0) = E0, B(· ,0) = B0 in Ω,
(6)
we have the following estimate:
‖E‖Hs(Ω) +
∥∥∥∥∥B − 1mesΩ
∫
Ω
B0 dx
∥∥∥∥∥
Hs(Ω)
 Ce−γ t
∥∥(E0,B0)∥∥Hs(Ω),
∀t > 0. (7)
Proposition 2. Suppose that Ω is an open smooth, bounded domain in R2. Let λ2 > 0 be
the second eigenvalue of the Neumann boundary condition. If 0 < ε  1/(2λ2), then one
can choose γ = λ2 in the estimate (7).
The proof of Proposition 1 is well known. The proof of Proposition 2 is deduced from
the following lemma.
Lemma 1. Suppose that Ω is an open connected smooth, bounded domain in R2. Let
λ2 > 0 be the second eigenvalue of the Neumann boundary condition. Let us consider
V = {v ∈ L2(Ω)/ ∫Ω v dx = 0}. Then for all ε ∈ ]0,1/(2λ2)], there exists a constant C > 0
such that for all initial data (v0, v1) ∈ (H 1(Ω)∩ V)× V of the following system:
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

ε∂2t v −∆v + ∂t v = 0 in Ω × (0,+∞),
∂nv = 0 on ∂Ω × (0,+∞),
v(· ,0) = v0, ∂tv(· ,0) = v1 in Ω,
(8)
we have the following estimate:
‖∂t v‖L2(Ω) + ‖v‖H 1(Ω) Ce−λ2t
∥∥(v0, v1)∥∥H 1(Ω)×L2(Ω), ∀t > 0. (9)
Proof. We remark that
∫
Ω ∂tv dx = e−t/ε
∫
Ω v1 dx = 0 and thus
∫
Ω v dx =
∫
Ω v0 dx = 0.
Setting v(x, t) = w(x, t)e−γ t , we deduce that w is solution of

ε∂2t w −∆w + (1 − 2εγ )∂tw − (1 − εγ )γw = 0 in Ω × (0,+∞),
∂nw = 0 on ∂Ω × (0,+∞),∫
Ω
wdx = 0 on (0,+∞),
w(· ,0) = v0, ∂tw(· ,0) = v1 + γ v0 in Ω.
(10)
Using an energy method, we have
1
2
d
dt
∫
Ω
(
ε|∂tw|2 + |∇w|2 − (1 − εγ )γ |w|2
)
dx = −(1 − 2εγ )
∫
Ω
|∂tw|2 dx.
If 0 < ε  1/(2λ2), we choose γ = λ2. Then −(1 − 2εγ )  0 and (1 − εγ )γ = (1 −
ελ2)λ2  0. Consequently, using Poincaré inequality with
∫
Ω
wdx = 0 and the min–max
formula, we deduce that∫
Ω
(
ε|∂tw|2 + ελ2|∇w|2
)
dx 
∫
Ω
(
ε|∂tw|2 + |∇w|2 − (1 − ελ2)λ2|w|2
)
dx

∫
Ω
(
ε|v1 + γ v0|2 + |∇v0|2
)
dx.
This completes the proof of Lemma 1. 
Proof of Proposition 2. We begin to demonstrate the exponential decay of the magnetic
field. From system (6), we obtain that B is a scalar function solution of the following wave
equation:

ε∂2t B −∆B + ∂tB = 0,
∂nB = 0,
B(· ,0) = B0, ∂tB(· ,0) = − curlE0.
(11)
We remark that
∫
Ω ∂tB = −e−t/ε
∫
Ω curlE0 = 0 and
∫
Ω B =
∫
Ω B0. Let us introduce
B¯ = (1/mesΩ) ∫Ω B0 a real number. Then, the solution (B − B¯) solves the system (8),
with initial data in (H 1(Ω) ∩ V) × V , where V = {v ∈ L2(Ω)/ ∫
Ω
v dx = 0}. Applying
Lemma 1, we have ‖∂tB‖L2(Ω) + ‖B − B¯‖H 1(Ω)  Ce−γ t‖(E0,B0)‖H 1(Ω).
The relation ε∂tE − CurlB + E = 0 allows us to obtain the exponential decay of the
electric field: indeed,
d ‖E‖L2(Ω) +
1‖E‖L2(Ω)  Ce−γ t
∥∥(E0,B0)∥∥H 1(Ω). (12)dt ε
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following inequality:
d
dt
∫
Ω
(
ε|∂tE|2 + | curlE|2
)
dx + 2
ε
∫
Ω
(
ε|∂tE|2 + | curlE|2
)
dx
 Ce−2γ t
∥∥(E0,B0)∥∥2H 1(Ω). (13)
From (12) and (13), we have ‖∂tE‖L2(Ω)+‖E‖H 1(Ω)  Ce−γ t‖(E0,B0)‖H 1(Ω). Using
the operator ∂t and repeating the above proof, we finally obtain (7) for s > 1 and for enough
regular initial data. 
4. Proof of Theorem 1
The idea of the proof of Theorem 1 is similar to the one given in [3]. The method
consists, first, to prove existence in a small interval of time. This solution is obtained as
the limit of a bounded and Cauchy sequence of approximate solutions. Then, we extend
the solution for all time. The proof of uniqueness is standard. This method is based on
the following estimate [3, Corollaire 1.3], available when Ω is an open smooth, simply
connected domain, bounded in R2:
∥∥u(t), ∂xu(t)∥∥L∞(Ω)  c∥∥ω(t)∥∥L∞(Ω) ln
(
e + ‖ω(t), ∂xω(t)‖L∞(Ω)‖ω(t)‖L∞(Ω)
)
,
∀t > 0, (14)
where ω = curlu and divu = 0, u · n|∂Ω = 0.
We shall use the letter c to denote positive constants which may depend only on the
geometry. Its value may change from line to line.
We recall that system (2) can be decompose in the following way.
The electromagnetic field (E,B) is given by system (6) of Maxwell equations with
Ohm’s law in TM polarization and satisfies Proposition 2 and the estimate (7) of Proposi-
tion 1.
The fluid velocity u is a vector field Ω → R2 and satisfies


∂tu+ (u · ∇)u+ uB2 = −∇p +E ∧B in Ω × (0,+∞),
divu = 0 in Ω × (0,+∞),
u · n = 0 on ∂Ω × (0,+∞),
u(· ,0) = u0 in Ω.
(15)
The vorticity ω = curlu = ∂x1u2 − ∂x2u1 is a scalar function and satisfies, from the
relation divE = 0,
∂tω + (u · ∇)ω +ωB2 = −∇B2 ∧ u−E · ∇B. (16)
Moreover, the derivative of the vorticity solves
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(
∂x1u1 ∂x1u2
∂x2u1 ∂x2u2
)
∇ω
= −ω∇B2 +
(
∂2x1x2B
2 −∂2x1x1B2
∂2x2x2B
2 −∂2x1x2B2
)
u+
(−∂x1u2 ∂x1u1
−∂x2u2 ∂x2u1
)
∇B2
− ∇(E · ∇B). (17)
Step 1. Construction of a sequence of approximate solutions. Let T > 0. We define
u0(x, t) = u0(x) ∈ Lip(Ω¯) and for m ∈ N,{
∂tωm+1 + (um · ∇)ωm+1 +ωm+1B2 = −∇B2 ∧ um −E · ∇B in Ω × [0, T ],
ωm+1(· ,0)= ω0 in Ω,{
curlum+1 = ωm+1 in Ω × [0, T ],
divum+1 = 0 in Ω × [0, T ],
um+1 · n = 0 on ∂Ω × [0, T ].
(18)
Given the fluid velocity um, where um(x, t) · n(x) = 0 on ∂Ω × [0, T ], we introduce
the particle trajectory mapping x → Φm(x, t) from Ω¯ to Ω¯ , given by the solution of the
nonlinear ordinary differential equation{
d
dt
Φm(x, t) = um(Φm(x, t), t),
Φm(x,0)= x. (19)
Then, the solution ωm+1 is given by the formula
ωm+1
(
Φm(x, t), t
)
exp
( t∫
0
B2
(
Φm(x, s), s
)
ds
)
−ω0(x)
=
t∫
0
exp
( s∫
0
B2
(
Φm(x, ), 
)
d
)
(−∇B2 ∧ um −E · ∇B)
(
Φm(x, s), s
)
ds,
(20)
and we deduce the following inequalities, where B¯ = (1/mesΩ) ∫
Ω
B0 dx ∈R:
‖ωm+1‖L∞(Ω)  ‖ω0‖L∞(Ω) +
t∫
0
(
2‖B‖L∞(Ω)‖∇B‖L∞(Ω)‖um‖L∞(Ω)
+ ‖E‖L∞(Ω)‖∇B‖L∞(Ω)
)
ds
 ‖ω0‖L∞(Ω) +
t∫
0
(
2‖B‖H 2(Ω)‖B − B¯‖H 3(Ω)‖um‖L∞(Ω)
+ ‖E‖H 2(Ω)‖B − B¯‖H 3(Ω)
)
ds
 ‖ω0‖L∞(Ω) + c
∥∥(E0,B0)∥∥2H 3(Ω)
t∫
e−γ s
(‖um‖L∞(Ω) + 1)ds
0
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∥∥(E0,B0)∥∥2H 3(Ω)
(
1 +
t∫
0
e−γ s‖ωm‖L∞(Ω) ds
)
.
Using the Gronwall lemma, we conclude that
‖ωm+1‖L∞(Ω) 
(‖ω0‖L∞(Ω) + c∥∥(E0,B0)∥∥2H 3(Ω))ec‖(E0,B0)‖2H3(Ω) . (21)
(Indeed, if y0(t)  C and ym+1(t)  C + M
∫ t
0 e
−βsym(s) ds, then ym+1(t)  C ×
exp(M
∫ t
0 e
−βs ds).)
The method described above is well known and is called the characteristics method. We
apply same method to ∇ωm+1,
‖∇ωm+1‖L∞(Ω)  ‖∇ω0‖L∞(Ω) exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c
t∫
0
‖B‖L∞(Ω)‖∇B‖L∞(Ω)‖ωm+1‖L∞(Ω) ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c
t∫
0
(‖∇B‖2L∞(Ω) + ‖B‖L∞(Ω)∥∥∂2xB∥∥L∞(Ω))‖um‖L∞(Ω) ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c
t∫
0
‖B‖L∞(Ω)‖∇B‖L∞(Ω)‖∂xum‖L∞(Ω) ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c
t∫
0
(‖∂xE‖L∞(Ω)‖∇B‖L∞(Ω) + ‖E‖L∞(Ω)∥∥∂2xB∥∥L∞(Ω))ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
. (22)
Consequently,
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( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 3(Ω) sup
t∈R
‖ωm+1‖L∞(Ω)
t∫
0
e−γ s ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 4(Ω)
t∫
0
‖um‖L∞(Ω) ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 3(Ω)
t∫
0
‖∂xum‖L∞(Ω) ds
× exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 4(Ω) exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
, (23)
and finally, from (21),
‖∇ωm+1‖L∞(Ω)  ‖∇ω0‖L∞(Ω) exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+D(ω0,E0,B0) exp
( t∫
0
‖∂xum‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 4(Ω) exp
(
2
t∫
0
‖um, ∂xum‖L∞(Ω) ds
)
, (24)
where D(ω0,E0,B0) = c(‖ω0‖L∞(Ω) + 1)ec‖(E0,B0)‖
2
H3(Ω) is a constant depending on the
initial data (ω0,E0,B0) in a suitable norm.
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G(ω0, ∂xω0,E0,B0) = c
(‖ω0, ∂xω0‖L∞(Ω) + ‖(E0,B0)‖2H 4(Ω)
‖ω0‖L∞(Ω) + 1
)
.
Step 2. The sequence um is bounded in Lip(Ω¯). First, we recall that for all m 0,∥∥um(t), ∂xum(t)∥∥L∞(Ω)  c∥∥ωm(t)∥∥L∞(Ω) ln
(
e + ‖ωm(t), ∂xωm(t)‖L∞(Ω)‖ωm(t)‖L∞(Ω)
)
,
∀t > 0. (25)
We observe that x ∈ R+ → x ln(e + a/x) and x ∈ R+ → ln(e + ax) are increasing
functions if a > 0, so from (21), (24) and (25), we check
‖um, ∂xum‖L∞(Ω) D(ω0,E0,B0) ln
[
e +G(ω0, ∂xω0,E0,B0)
× exp
(
2
t∫
0
‖um−1, ∂xum−1‖L∞(Ω) ds
)]
. (26)
Also, ln(e + ax) ln(e + a)+ ln(x) for a > 0 and x  1, thus
‖um, ∂xum‖L∞(Ω) D(ω0,E0,B0)
[
ln
(
e +G(ω0, ∂xω0,E0,B0)
)
+ 2
t∫
0
‖um−1, ∂xum−1‖L∞(Ω) ds
]
. (27)
Using the Gronwall lemma, we prove that um is a bounded sequence in L∞loc(R¯+;Lip(Ω¯))
and more precisely, we have
‖um, ∂xum‖L∞(Ω) D(ω0,E0,B0) ln
(
e +G(ω0, ∂xω0,E0,B0)
)
× eD(ω0,E0,B0)t . (28)
Moreover we deduce from (21), (24) and (28), the following estimate:
‖ωm+1,∂xωm+1‖L∞(Ω)  F1(ω0, ∂xω0,E0,B0) exp(eD(ω0,E0,B0)t ), (29)
where F1(ω0, ∂xω0,E0,B0) is a constant depending on the initial data (ω0, ∂xω0,E0,B0)
in a suitable norm.
Step 3. The sequence um converges. Indeed, we make difference of the relation (18) for
m and for m+ 1,
∂t (ωm+2 −ωm+1)+ (um · ∇)(ωm+2 −ωm+1)+ (ωm+2 −ωm+1)B2
= −((um+1 − um) · ∇)ωm+2 − ∇B2 ∧ (um+1 − um). (30)
Applying the characteristics method, when initial data satisfies (ωm+2 −ωm+1)(· ,0) = 0,
we prove that
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
t∫
0
(‖um+1 − um‖L∞(Ω)‖∇ωm+2‖L∞(Ω)
+ ‖∇B2‖L∞(Ω)‖um+1 − um‖L∞(Ω)
)
ds
 c
t∫
0
(‖∇ωm+2‖L∞(Ω) + ‖∇B2‖L∞(Ω))‖ωm+1 −ωm‖L∞(Ω) ds. (31)
From (29) and (31), we deduce that
sup
[0,T ]
‖ωm+2 −ωm+1‖L∞(Ω)  T F2(ω0, ∂xω0,E0,B0) exp(eD(ω0,E0,B0)T )
× sup
[0,T ]
‖ωm+1 −ωm‖L∞(Ω),
where F2(ω0, ∂xω0,E0,B0) is a constant depending on the initial data (ω0, ∂xω0,E0,B0)
in a suitable norm.
Thus, we prove that both sequences ωm and um are Cauchy sequences in L∞([0, T ];
L∞(Ω)) for T > 0 small enough. The estimate (29) allows us to extend the solution for all
T > 0.
We conclude that the limit of the sequence um is also a solution of system (2) in
L∞loc(R¯+;Fu) and the limit of the sequence ωm belongs to L∞loc(R¯+;Lip(Ω¯)). The proof
of uniqueness is standard as in [3]. 
5. Proof of Theorem 2
To prove Theorem 2, we first recall the following result.
Lemma 2. Let Ψ be a positive continuous function on (0,+∞). Let β1, β2 be two constants
such that 0  β2 < β1. If there exist two constants c1, c2 > 0 such that for all t > 0, we
have
Ψ (t) c1e−β1t + c2e−β1t
t∫
0
Ψ (s)eβ2s ds, (32)
then, there is a constant c3 > 0 such that for all t > 0, we have Ψ (t) c3e−β1t .
Proof. It is a simple application of the Gronwall lemma (Let f be a positive continuous
function on (0,+∞). If there exist three constants c1, c2, α > 0 such that for all t > 0, we
have f (t) c1 + c2
∫ t
0 f (s)e
−αs ds, then f (t) c1 exp(
∫ t
0 c2e
−αs ds)). Indeed, we choose
f (t) = Ψ (t)eβ1t and α = β1 − β2 > 0, then Ψ (t) c1ec2/αe−β1t . 
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equations with Ohm’s law in TM polarization and satisfies Proposition 2 and the estimate
(7) of Proposition 1.
The vorticity ω = curlu is a scalar function, solution of the following transport equation:
∂tω + (u · ∇)ω +ωB2 = −∇B2 ∧ u−E · ∇B. (33)
Given the fluid velocity u, where u(x, t) · n(x) = 0 on ∂Ω × [0,+∞[ , we introduce the
particle trajectory mapping x → Φ(x, t) from Ω¯ to Ω¯ , given by the solution of the non-
linear ordinary differential equation{
d
dt
Φ(x, t) = u(Φ(x, t), t),
Φ(x,0)= x. (34)
Then, the solution ω is given by the formula
ω
(
Φ(x, t), t
)
exp
( t∫
0
B2
(
Φ(x, s), s
)
ds
)
−ω0(x)
=
t∫
0
exp
( s∫
0
B2
(
Φ(x, ), 
)
d
)
(−∇B2 ∧ u−E · ∇B)(Φ(x, s), s)ds. (35)
But B2 = δ2 + (B − B¯)2 + 2B¯(B − B¯), where B¯ = (1/mesΩ) ∫
Ω
B0 dx and δ = |B¯|, then
we have
ω
(
Φ(x, t), t
)
eδ
2t exp
( t∫
0
(
B
(
Φ(x, s), s
)− B¯)2 ds
)
× exp
(
2B¯
t∫
0
(
B
(
Φ(x, s), s
)− B¯)ds
)
−ω0(x)
=
t∫
0
[
eδ
2s exp
( s∫
0
(
B
(
Φ(x, ), 
)− B¯)2 d
)
× exp
(
2B¯
s∫
0
(
B
(
Φ(x, ), 
)− B¯)d
)]
× [(−∇B2 ∧ u−E · ∇B)(Φ(x, s), s)]ds. (36)
Taking into account that from Proposition 1,
∥∥∥∥∥exp
(
−2B¯
t∫ (
B
(
Φ(x, s), s
)− B¯)ds
)∥∥∥∥∥
L∞(Ω)0
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(
2δ
t∫
0
‖B − B¯‖L∞(Ω) ds
)
 exp
(
c
2δ
γ
∥∥(E0,B0)∥∥H 2(Ω)
)
, (37)
we can estimate ‖ω‖L∞(Ω) from (36) to obtain: denoting
F3(E0,B0) = e−c(2δ/γ )‖(E0,B0)‖H2(Ω) ,
F3(E0,B0)e
δ2t‖ω‖L∞(Ω)
 ‖ω0‖L∞(Ω) +
t∫
0
eδ
2s(2‖B‖H 2(Ω)‖B − B¯‖H 3(Ω)‖u‖L∞(Ω)
+ ‖E‖H 2(Ω)‖B − B¯‖H 3(Ω)
)
ds
 ‖ω0‖L∞(Ω) + c
∥∥(E0,B0)∥∥2H 3(Ω)
t∫
0
e(δ
2−γ )s(‖u‖L∞(Ω) + e−γ s)ds
 ‖ω0‖L∞(Ω)
+ c∥∥(E0,B0)∥∥2H 3(Ω)
( t∫
0
e(δ
2−2γ )s ds +
t∫
0
e(δ
2−γ )s‖u‖L∞(Ω) ds
)
. (38)
So
F3(E0,B0)e
δ2t‖u,ω‖L∞(Ω)
 c‖ω0‖L∞(Ω)
+ c∥∥(E0,B0)∥∥2H 3(Ω)
( t∫
0
e(δ
2−2γ )s ds +
t∫
0
e(δ
2−γ )s‖u,ω‖L∞(Ω) ds
)
. (39)
Applying Lemma 2 (corollary of the Gronwall lemma) and (39), we deduce
‖u,ω‖L∞(Ω) 


F4(ω0,E0,B0)e−δ
2t if δ2 < 2γ,
F4(ω0,E0,B0)(1 + t)e−δ2t if δ2 = 2γ,
F4(ω0,E0,B0)e−2γ t if δ2 > 2γ,
(40)
where F4(ω0,E0,B0) is a constant depending on the initial data (ω0,E0,B0) in a suitable
norm.
Let us denote, when
∫
Ω
B0 dx = 0, ζ = min(δ2;2γ ) then ζ > 0 and we have the fol-
lowing assertion:∥∥u(t),ω(t)∥∥
L∞(Ω)  F4(ω0,E0,B0)(1 + t)βe−ζ t , ∀t > 0, (41)
where β = 0 if δ2 = 2γ and β = 1 if δ2 = 2γ .
Now, we will consider the derivative of the vorticity which satisfies the following trans-
port equation:
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(
∂x1u1 ∂x1u2
∂x2u1 ∂x2u2
)
∇ω
= −ω∇B2 +
(
∂2x1x2B
2 −∂2x1x1B2
∂2x2x2B
2 −∂2x1x2B2
)
u+
(−∂x1u2 ∂x1u1
−∂x2u2 ∂x2u1
)
∇B2
− ∇(E.∇B). (42)
Applying the characteristics method to ∇ω, we deduce, taking into account the term
B2∇ω,
F3(E0,B0)e
δ2t‖∇ω‖L∞(Ω)
 ‖∇ω0‖L∞(Ω) exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c
t∫
0
eδ
2s‖B‖L∞(Ω)‖∇B‖L∞(Ω)‖ω‖L∞(Ω) ds exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c
t∫
0
eδ
2s(‖∇B‖2L∞(Ω) + ‖B‖L∞(Ω)∥∥∂2xB∥∥L∞(Ω))‖u‖L∞(Ω) ds
× exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c
t∫
0
eδ
2s‖B‖L∞(Ω)‖∇B‖L∞(Ω)‖∂xu‖L∞(Ω) ds exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c
t∫
0
eδ
2s(‖∇E‖L∞(Ω)‖∇B‖L∞(Ω) + ‖E‖L∞(Ω)∥∥∂2xB∥∥L∞(Ω))ds
× exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
. (43)
Consequently,
F3e
δ2t‖∇ω‖L∞(Ω)
 ‖∇ω0‖L∞(Ω) exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 3(Ω)
t∫
e(δ
2−γ )s‖ω‖L∞(Ω) ds exp
( t∫
‖∂xu‖L∞(Ω) ds
)0 0
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t∫
0
e(δ
2−γ )s‖u‖L∞(Ω) ds exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 3(Ω)
t∫
0
e(δ
2−γ )s‖∂xu‖L∞(Ω) ds exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
+ c∥∥(E0,B0)∥∥2H 4(Ω)
t∫
0
e(δ
2−2γ )s ds exp
( t∫
0
‖∂xu‖L∞(Ω) ds
)
. (44)
We, first deduce from (44) that
‖∂xω‖L∞(Ω)  F5(ω0, ∂xω0,E0,B0) exp
(
2
t∫
0
‖∂xu‖L∞(Ω) ds
)
, (45)
where F5(ω0, ∂xω0,E0,B0) is a constant depending on the initial data (ω0, ∂xω0,E0,B0)
in a suitable norm.
Using (14) and (41), it holds
‖∂xu‖L∞(Ω)  F4(ω0,E0,B0)(1 + t)βe−ζ t
× ln
(
e + exp(ζ t)
F4(ω0,E0,B0)(1 + t)β ‖ω,∂xω‖L
∞(Ω)
)
 F4(ω0,E0,B0)(1 + t)βe−ζ t
× ln
(
e + F6(ω0, ∂xω0,E0,B0) exp
(
ζ t + 2
t∫
0
‖∂xu‖L∞(Ω) ds
))
 F4(ω0,E0,B0)(1 + t)βe−ζ t
×
[
ln
(
e + F6(ω0, ∂xω0,E0,B0)
)+ ζ t + 2
t∫
0
‖∂xu‖L∞(Ω) ds
]
 F7(ω0, ∂xω0,E0,B0)(1 + t)βe−ζ t/2
+ 2
(
1 + 2
ζ
)β
F4(ω0,E0,B0)(1 + t)βe−ζ t/2
×
t∫
0
1
(1 + s)β ‖∂xu‖L∞(Ω) ds, (46)
where F6(ω0, ∂xω0,E0,B0) and F7(ω0, ∂xω0,E0,B0) are two constants depending on the
initial data (ω0, ∂xω0,E0,B0) in a suitable norm.
Applying Lemma 2 (to Ψ (t) = (1/(1 + t)β )‖∂xu(t)‖L∞(Ω)), we deduce that
‖∂xu‖L∞(Ω)  F8(ω0, ∂xω0,E0,B0)(1 + t)βe−ζ t/2, (47)
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( t∫
0
‖∂xu‖L∞(Ω) ds
)
 exp
(
2
ζ
(
1 + 2
ζ
)
F8(ω0, ∂xω0,E0,B0)
)
, (48)
where F8(ω0, ∂xω0,E0,B0) is a constant depending on the initial data (ω0, ∂xω0,E0,B0)
in a suitable norm.
Consequently, from (47), (48) and (44), we conclude that
F3(E0,B0)e
δ2t‖∇ω‖L∞(Ω)
 F9(ω0, ∂xω0,E0,B0)
[
‖∇ω0‖L∞(Ω)
+ c∥∥(E0,B0)∥∥2H 4(Ω)
t∫
0
(
(1 + s)βe(δ2−γ−ζ/2)s + e(δ2−2γ )s)ds
]
, (49)
finally,
∥∥∂xu(t), ∂xω(t)∥∥L∞(Ω) 


F10(ω0, ∂xω0,E0,B0)e−δ
2t if δ2 < 2γ,
F10(ω0, ∂xω0,E0,B0)(1 + t)2e−δ2t if δ2 = 2γ,
F10(ω0, ∂xω0,E0,B0)e−2γ t if δ2 > 2γ,
∀t > 0, (50)
where F9(ω0, ∂xω0,E0,B0) and F10(ω0, ∂xω0,E0,B0) are two constants depending on
the initial data (ω0, ∂xω0,E0,B0) in a suitable norm.
This concludes the proof of Theorem 2. 
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